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A MULTIPLE-INDEX NOTATION FOR DESCRIBING
ATMOSPHERIC TRANSPORT PROCESSES

EDWARD N. LORENZ*

Massachusetts Institute of Technology
Cambridge, Mass.

In a celebrated paper, Reynolds (1894) used an equation of the form

to express an arbitrary. quantity F as the sum of its mean value F over a given region and its departure F’
from its mean value. Equation (1) leads to the important equation

FG =FG + F¢&’ )
for the mean value of the product of two arbitrary quantities F and G, if variations of F and G within the
region are neglected. :

If mean values of a quantity with respect to each of several independent variables are to be considered,
the notation of Reynolds requires some amplification. It is possible to introduce several symbols, one for
the mean with respect to each variable. Alternatively, it is possible to let the same svmbo] denote the mean
with respect to any variable, and to let the position of the symbol specify the variable. The notation

- described in this note is based upon the latter procedure.

The notation was originally developed for treating meteorological problems involving the total ﬂuxiof
certain quantities across specified latitudes. It is described as it applies to such problems. It may easily
be modified to apply to other problems.

At a specified latitude, the quantities involved may be regarded as functions of longitude ), time ¢ and
. pressure p. To indicate mean values of these quantities, and departures from mean values, it is convenient
to attach triple subsecripts to the symbols for the quantities. The first subscript refers to longitude, the

“1” refers to the mean value with respect to the

second to time and the third to pressure. A subseript
appropriate variable; the subscript “2” refers to the departure from the mean value. A subscript “0”
indicates that no averaging has been performed with respect to the particular variable. Since each of the
three subscripts may take on any of three values 0, 1 and 2, an arbitrary quantit); F determines a set of 27
quantities F;;. Of these quantities, those .fxaving not more than one subscript different from *“0” are

defined by the equations .
Fopo = F 3)

Fioo = lf'Fﬁ
) 27 0
1 h
Fopo = / Fdr ()]
ta— 4 /g

1 ]
Foy = — Fd,
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Fupy = Fogo — Fig
Fozg = Fogp — Foo - | ()
A Faoz‘—‘Fooo— Fou
The remaining quantities are defined by the equation |
| Fijx = ((Fio0)ojo)oor. ' (6)
In Eq. (4), t and ¢, are the limits of the time inter?al under consideration and Po is a standard pressure near
sea level. It is evident that Eq. (6) is also valid when not more than one of the subseripts i, j, k is different
from *0”,
From Egs. (5) and (6), it follows that
Fojx = Fiju + Fap
For=Fa+ Fau ) - )
Fijo = Fip + Fip
Equations (7) are anzlogous to Eq. (1). Coﬁesponding equations analogous to Eq. (2), involving two
arbitrary functions ¥ and G, are :
FosGoir)m = (FiaGri)m + (FapCaj)im
(FirGoor)mi = (FisGar)m + (F, 424G )i . (3)
| (FiioGijo)in = (FinGip)u + (FiisGip)in
' Equations (7) and (8) are useful for expanding or recombining terms in.relations containing the appropriate
quantities.

Repeated application of Egs. (7) leads to the following unique expansion of F as a sum of quantities
not containing the subscript *0":

2
F=Fm+qu+Fm+Fuz+Fuz+Fm+an+Fzz:= 2. Fip. ¢)]

fikm1
Equation (9) may be regarded as the generalization of Eq. (1) to the case of three independent variables.
The corresponding generalization of Eq. (2) for the mean value of the product of F and G is

(FG)m = Zz:_l (FinGijx)m, (10)

§,5.k
which follows from repeated application of Eés. (8).

It is sometimes convenient to use less complete expansions for F and (FG)yy than Eqs. (9) and (10).
 Thus Priestley (1949), and also Starr and White (1951), bave expanded the total flux r of relative angular
momentum across a given latitude into the sum of three terms. The expansion used by Starr and White is
not identical with that used by Priestley, and the two expansions have subsequently been compared by
Starr and White (1952). Use of the multiple-index notation can further enhance the comparison.

Within the time interval between 4 and t;, the flux r is given by

s ] " .
7= j f f" R® cos? ¢g™luv d\ dt dp
Jo Jy Jo

= 2xR? cos ¢ (ts — 1)g " po(uv)im : (11)
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where R is the earth’s radius, ¢ is the latitude, g is the acceleration of gravity, u and v are the eastward and
northward components of the wind velocity, and the flux between the standard pressure po and the actual
surface of the earth is omitted. It is possible to expand the flux + into a sum of eight terms according to
Eq. (10). A recombination of some of these terms leads to the less complete expansion

(lw)m = (uunvuo)m + (uuovuo)m + (uzxov210)1u + (uzzovzzo)lm (12),

which is the most complete expansion in which mean values of u and v with respect to pressure are absent.
A further recombination of the second and fourth terms on the right of Eq. (12) yields the expansion

(lw)ul = (unovno)m + (unovzlo)m + (uozovozo)uxs (13)

which is the expansion used by Priestley (1949). A recombination of the third and fourth terms on the
right of Eq. (12) yields the expansion. ‘

(uv)lxx = (lluovno)ul + (u120v120)111 + (uzonvzoo)xu, ) ' . v (14)

which is the expansion used by Starr and White (1951).
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