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INTRODUCTION

The climatic pattern of the earth was perhaps never

steady. Instrumental records can be used to document -

the most recent fluctuations. Their study has led one
of us (Kraus, 1960) to suggest that past surface climatic
changes were probably associated with systematic
changes of the mean vertical stability of the atmosphere,
or—more precisely—of the mean vertical gradient of
the cooling rate. A simplified numerical model has now
been used in an initial attempt to test the dynamical
aspects of this hypothesis. The model provides for an
idealized system of warm continents and cool oceans, as
well as latitudinal and vertical heating gradients.
Variations of the latter have been found to produce in
fact changes in the circulation régime which appear to
be analogous to those observed in nature.

The analyses, both on the instrumental and on the
numerical side, involve generalizations, simplifications
and arbitrary selection of the numerical values for
various model parameters. However, each step in the
chain of reasoning is too complex for possible sub-
conscious bias to have any predeterminable effect. The
general agreement and compatibility of the results
appears impressive in these circumstances, though they
cannot be claimed to be conclusive at this stage.

OBSERVED RECENT FLUCTUATIONS
OF THE SURFACE CLIMATE

A striking feature of recent climatic variation was the
abrupt decrease, about the turn of the century, of mean
annual rainfall volumes on the equatorial and eastern
boundaries of the arid regions. The same happened along
the subtropical east coasts. As evidence, the diagrams
in Fig. 1 are reproduced here from an earlier paper.
The change in low-latitude rainfall regimes was asso-
ciated, in the temperate region of Australia, with an
eastward shift of the climatic boundary between the

logy, Cambridge, Mass., U.S.A.

mediterranean-type, winter-rainfall climate of South
Australia and the east-coast type of climate which is
characterized by more uniform rainfall with a tendency
towards summer maxima.

‘While low latitude regions became drier, the climate
tended to become warmer in many middle and high
latitude regions of the northern hemisphere. This
warming appears to have been more gradual or more
irregular than the simultaneous change in the rainfall
régime. It may have been associated again with an
eastward shift of the climatic boundaries; in this case
a tendency for a more maritime climate to spread
eastward into the western temperate regions of the
continents. There also is evidence for an increase in
North Atlantic sea-surface temperatures at this time.

Instrumental and observational changes make the
interpretation of surface pressure changes more dubious.
Table 1 shows some evidence, though it is not convincing
by itself, of an eastward shift in the mean position of
the maritime subtropical anticyclone in the northern
Atlantic at the beginning of this century. The pressure
increase on the eastern stations is more than double
the standard error.

TABLE 1. Mean annual station-level pressures (mb.) in sub-
tropical North Atlantic

Period
Stati Difference
1881-1900 1901-20

West Atlantic Bermuda 997.0 997.1 0.1

Trinidad! 996.4 996.6 0.2

East Atlantic = Funchal 1016.3 1017.6 1.3

Freetown 9817.3 988.6 1.3
1. The height of the Trinidad b site was ch d in 1900 from
133 ft. to 72 ft. This would imply a d in sea-level there,

unless an unpublished adjustment was made.
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F16. 1. Cumulative percentual deviations from the 1881-1940 mean. (a) North-west New South Wales (Australian rainfall
district no. 48); (b) Queensland coust (Australian rainfall district no. 40); (c) Carolina coast (mean of Charleston and
Cape Hatteras); (d) India (peninsula); (¢) Nile discharge at Aswan; (f) Central Cape Province (South Africa rainfall

district no. 16A).

During the last fourteen or twenty years a change in
the opposite direction appears to have operated. There
has been more rainfall in many low-latitude and east
coast regions and the warming trend seems to have
been arrested temporarily. This has been associated with
a distinct tendency for tropical hurricanes to reach the
Australian or American east coasts; rather than take
a more easterly course, as they appear to have done in
the preceding forty years.

THE ASSOCIATION
BETWEEN UPPER WINDS
AND RAINFALL REGIMES

A reasonably dense network of upper-air stations has
become available only during the last ten or fifteen
years. It is therefore not possible to interpret directly,
from records, the climatic fluctuations of the last
hundred years in terms of the three-dimensional circu-
lation changes. However, it may he considered that the
circulation patterns associated with a relatively cold and
wet régime, or with a relatively warm and dry régime,
should also predominate in individual years which
exhibit these weather characteristics.

Table 2 lists ranking correlation coefficients of mean
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zonal winds at 300 mb. and seasonal rainfall in various
parts of south-east Australia.
Spearman’s ranking corrélation coefficient is:

m=1—

Nt—N

where 2d? is the sum of the squares of the differences
between upper wind and rainfall ranks and N is the
number of ranked seasons, viz. 14 winters and 12 sum-
mers in the present case. The approximate standard
error of a rank correlation is

on=MN—1)-%

The coeflicients listed in Table 2 suggest a significant
correlation between high westerlies. and dry summers
in the most easterly parts of Australia—a region affected
by the general rainfall decrease at the turn of the
century. Over the western plains, high upper winds are
correlated significantly with increased winter rainfall
and decreased summer rainfall. The resultant effect
on annual rainfall is negligible, but high westerlies should
be associated in this case with a more mediterranean
climate with wetter winters and drier summers. This
again corresponds to the observed change of the climate
in that region at the beginning of the century. It is




TaBLE 2. Ranking correlation ccefficient of mean zonal winds
at 300 mb. and of rainfall in south-eastern Australia (1945-1959)

Ranking correlation coefficients

Station

‘Winter Summer
Western plains
Wentworth 0.81 —0.74
Euston 0.92 —0.94
Balranald 0.83 —0.65
Hay 0.85 —0.41
Deniliquin 0.75 —0.62
Yanko 0.81 —0.58
Eastern slopes and coast
Adaminaby 0.18 —0.82
Cooma —0.17 —0.75
Bega 0.14 —0.78
Kurrajong —0.18 —0.85
Sydney —0.26 —0.65
Standard error 0.28 0.30

inferred that the high-level upper winds probably
increased on the average at about that time.

A table similar to Table 2 was first derived by one
of us (Kraus, 1955) on the basis of a shorter data series
(1945-53). The ranking correlation coeflicients were then
found already to be considerable larger than their
standard error. The additional independent data further
increased the statistical significance of the deduced
correlations and that is in itself of some relevance.

A strong negative correlation between upper winds
and summer rainfall was shown in the earlier paper to
exist also in tropical north-eastern Australia. The simi-
larity in the long-term rainfall time series along the
subtropical east coasts of the United States and Australia
suggests that a similar association may possibly be found
there. No analysis has yet been made to find such a
relation.

STIPULATED PHYSICAL CAUSES

Any physical explanation of the recently observed
climatic variations must be compatible with the observed
pattern. This means that the time scale would have
to be of the order of a half-century or less. The process
would have to be associated with a negative correlation
between high-latitude surface temperatures and rainfall
volumes along the subtropical east coasts and on the
margin of the arid regions.

Most of the stipulated causes for climatic change
appear to be incompatible with such an association.
In particular, an increase in the solar constant, or an
increase in the carbon dioxide mixing ratio, or a decrease
in the turbidity or a primary warming of the ocean
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surface would all seem to cause higher surface temper-
atures to be associated with increased atmospheric
instability, increased convection and therefore increased
rainfall, and vice versa.

On the other hand, persistent variations of the ozone
mixing ratio, in the lower stratosphere and in the upper
troposphere, would tend to produce changes that have
at least the right sign. An increased ozone amount
would tend to produce higher surface temperatures in
high latitudes and a lower tropopause with an increased
overall static stability near the Equator. This could also
explain other features of the observed climatic change.
In particular, it was thought (Kraus, 1960) that storms
of smaller dimensions would be suppressed in low lati-
tudes, and that this could account for the reduction in
the number of rainfall days, which had been observed
to be a characteristic feature of the general change at
the beginning of this century. Disturbances of conti-
nental dimensions would be less affected, and this might
explain the fact that in the typical monsoon regions
the world-wide pattern of low-latitude rainfall change
was least in evidence.

To test the validity of these deductions, we shall now
try to relate them to a theoretical model. Our deductions
will be supported if it is found that an externally
imposed increase in the static stability is associated as
expected: with decreased convection, suppression of
smaller storms, eastward shift of quasi-stationary
pressure centres, and an increased zonal wind aloft.

THE EQUATIONS OF THE MODEL

The climate of the world is affected by the internal
dynamics of the atmosphere, and also by the influences
of the sun and the underlying water and land surfaces.
Likewise, the statistical properties (mean values, stan-
dard deviations, etc.) of an arbitrary system depend
upon the internal dynamics of the system, and also upon
the statistical properties of the external influences. In

* those cases where the internal dynamics are expressible

by a set of linear differential equations, an analytic
deduction of the statistical properties of the system
(output) from the statistical properties of the outside
influences (input) is generally possible. When the
governing dynamic equations are non-linear, an analytic
deduction of the output from the input is often difficult
if not impossible, even though a definite relation between
input and output exists. In the case of the real atmos-
phere, the situation is further complicated by an incom-
plete knowledge of the dynamics.

With the advent of electronic computing machines,
it has, however, become feasible to estimate the statis-
tical properties of systems whose governing equations
are known, by generating numerical solutions of the
equations covering extended periods of time, and then
collecting statistics from these solutions. Climatological
values so obtained are not exaect values, but are subject
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to sampling errors similar to those encountered in pro-
cessing real data.

For the present study, we shall use the geostrophic
form of the two-layer model derived by one of us
(Lorenz, 1960b). To the original form we append terms
representing the non-adisbatic effects. A somewhat
similar form of the equations was used by Bryan (1959).

The equations of the model can now be written in the
following form:

S o=~ TV — I v — kv + kv Q)

éf’;v»c:—J(q»,v%)—J(r,vw)
+Iv+ ;kv"l»—-;kv’f—KV'f @
§e=—J(¢,e)—J(r,a) + 7. (v
—(i+zp)e—er+3he—a)  ®
53'., =—T(o)—J (x.8) + vo.vX

+3hO—)—(i+3h)G—o)—HE—a) @

1
fV’T=—§¢p(P3K_P1K)PDKV’0 T )

The operating symbols have their conventional meaning ;
the other symbols represent the following quantities:

¢ Stream function for mean wind.

£ Stream function for mean wind-shear.

X Velocity potential for the lower layer in the two-
layer model.

] Vertical mean of potential temperature.

0+ Vertical mean of externally imposed (radiation
equilibrium) potential temperature.

° Static stability (potential temperature differences
between upper and lower layer).

c* Externally imposed (radiation equilibrium) static
stability parameter.

f Coriolis parameter (assumed constant).

PosP1s Py Pressures at ground and at centres of lower and
upper layer.

cp, ¢y Specific heats of air.

K (ep — cv)fep.

k Rate of momentum exchange near the ground.

K Rate of momentum exhcnage in the free atmos-
phere.

h Rate of radiational and turbulent heat exchange
near the ground.

J Rate of radiational heat exchange in the free
atmosphere.

H Rate of convective heat exchange in the free
atmosphere.

oc Critical stability.
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The meaning of most terms is self-evident ; in particular
the Jacobians present the effect of advection and the
linear terms the effect of non-adiabatic processes. Equa-
tion (5) is the thermal wind equation. The effect of
convection as represented by the last term in equation (4)
requires some explanation. Vertical mixing in dry air
would tend to produce a uniform potential temperature ;
that means it would tend to drive the stability para-
meter ¢ towards zero. In the actual atmosphere the
establishment of such a dry-adiabatic lapse rate is
generally prevented by condensation. In the present
model it has therefore been assumed that convection
drives the vertical stability not towards zero but towards
some larger critical value, 6.

EXPANSION IN SERIES

One of us (Lorenz, 1960a) has described the advan-
tages, in problems of this sort, of simplifying the equa-
tions by expanding the field of each variable in a suitable
set of orthogonal functions, and then omitting reference
to all but a few of these functions, The choice of ortho-
gonal functions must depend upon the region involved.

We shall deal with a region bounded by two parallel
infinite walls at the latitudes where y = 0 and y — w.
We shall further require that all functions be periodic
in x, with the period 2w.

Since there can be no flow of mass across the walls,
the stream function, and hence, through the thermal
wind relation, the temperature can be considered
constant on each wall. The set of orthogonal functions

Fnom =1 for n=20 m=20
=\/Zcosmy/a for n =10 m>0 (6)
= 2 sin my/a cos nxfa forn >0 m>0

F'nm = 2 sin my/a sin nx/a for n >0 m>0

where a = w/w, is therefore suitable, The expansions
for ¢, 7, Y%, ¥, and 0 in these orthogonal functions are
then truncated by retaining only those functions for
which m = 2 and n =< 4. In the expansion for g, only
the function F, is retained, so that static stability is
regarded as a function of time alone. Details of the
expansions appear in the appendix.

These expansions are then substituted into the
governing equations (1) to (5). The products of ortho-
gonal functions, which appear on the right, may them-
selves be expanded in series of orthogonal functions,
which must be similarly truncated. There results a set
of 56 ordinary differential equations in which the 56
dependent variables are the coefficients in the expan-
sions for ¢, 7, y2y, 0 and o.

These equations have been further simplified by
omitting the interactions between different wave num-
bers (products of two orthogonal functions with twoe
different non-zero values of n), while the interaction of
each wave with the zonal current is retained. The
complete set of equations appears in the appendix.




SCALES AND NUMERICAL VALUES
OF COEFFICIENTS

The area between the two latitudinal boundary walls
is supposed to be bisected by the thirtieth parallel. The
length of - this parallel around the globe is about
34,800 km. We assume a cyclical repetition of the motion
pattern every 1200 of longitude ; that means the largest
waves could occur three times around the globe and
their lengths along the thirtieth parallel would therefore
be equal to 11,600 km. This length was stipulated above
to be twice the distance between the latitudinal walls;
therefore w = 5,800 km. A scale length is now defined
conveniently by

ea=wr=1846kmn, . . . . . . . . .

For our time scale we set the reciprocal value of the
Coriolis parameter at 30° latitude as unity.

J(300) = 7.29 X 10-% sec.”? = (3.81 hours)! (8)

One unit of time was also chosen for the time increment
in the numerical integrations.

The choice of a non-dimensional unit of temperature
is based on consideration of equation (5). Assuming

Po/py/ps = 1000/750/250

we set:

_ 24 f* Pox
B= M

=146°C. . . . . . . (9
cp(pr —ps™) ®

The various rates of turbulent mixing and radiational
heating have all the dimensions of inverse time and
can therefore be expressed readily as multiples of f.

On the basis of the earlier computation by Bryan
and by Lorenz we set arbitrarily:

Constant Dimensionless value

o s
—
=
b

The critical stability o, = 10°C. or 0.0685 in non-
dimensional units.

THE EXTERNAL HEATING FUNCTION

We stipulate a variation of 6* with cos y/a. The differ-
ence between the extreme polar and equatorial values
of 0* is assumed to be 75° C.

In addition to the resulting meridional heating gra-
dient, we stipulate latitudinal heating differences caused
by an idealized system of oceans and continents. The
continents are supposed to be half as wide as the oceans

Effect of vertical stability on monsoonal and zonal circulations

between them at all latitudes. This gives them a uniform
zonal extent or 40° or 3,930 km.—about the width of
Australia or North America along the thirtieth parallel.

The radiation equilibriam temperature 6* over the
continents is assumed 25° higher than that over water
along the thirtieth parallel; that means we deal with
summer only in the present study. The heating differ-
ence is supposed to be zero at the polar and equatorial
walls

The variations of 6* have been expanded on this
basis with the aid of the orthogonal functions (6) into
a series, which was truncated in the same way as the
series for the dependent variables:

9‘ =B (an . etnm) (10)

The usual convention requiring summation over all
products that contain the same values of m and n in
both factors has been used in writing the expression (10).
In the present case m is allowed to assume only the
values 0 and 1, while n varies again from 0 to 4. The
individual terms of the expansion have the numerical
values :

0%, = 0.1815
6%,y = 0.0460
9%, = 0.0230
e.'l el 0

0%, = —0.0115

The term §*, is an arbitrary constant and the coefficient
B has been defined by the relation (9).

The vertical heating rate as determined by ¢* is a
constant parameter of the computation. It is the basic
aim of this paper to study the various circulation
patterns which are associated with different values of
this parameter ¢*.

DISCUSSION
OF COMPUTATION RESULTS

The numerical computations were performed on a
Royal-McBee LGP-30 electronic computer. Starting
from arbitrary initial conditions, we permitted the
computer to operate until a statistically stationary state
had apparently been reached. Means and variances of
the coefficients in the expansions of ), 6 and ¢ were then
formed from the subsequent computations. In most
cases these were based on a sample, made up by every
fourth time step in a computational run covering
800 steps, or approximately four and a half months.

Radiational ceoling in the free atmosphere should
tend to increase baroclinic and convective instability.
The effect is measured by ¢*. In the present series of
computations we used the values ¢* = —5°, 0° and
+5° for this parameter. ‘

From the statistical means of the dependent variables,
it was possible to construct mean “climatological” maps
of the model. These maps, as reproduced in Figs. 2, 3
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and 4 show several features which the observational
analysis had led us to expect. The most stable case,
that is the case of least cooling at high levels,6* = 5° C.,
is associated with the fastest thermal wind, a more
zonal pattern, an eastward shift of quasi-stationary
features and a much weaker “climatological” high-
pressure cell over the oceans. The differences between
the cases 6* = 0° and ¢* = —5° are less pronounced.

The mean maps tell only part of the story. Plotting
of a series of instantaneous model maps shows individual
pressure centres of about equal intensity in all three
cases. However, in the caseg* == 50, these large cyclones
and anticyclones move with an average speed of about
7 or 8 degrees of longitude per day. With the higher
rates of upper cooling characterized by ¢* = 0° or
6* = 59 the speed of translation is much more irregular
and averages only about 5 degrees longitude per day.

An even greater difference is associated with the
longevity of the travelling pressure centres. In the case
6* = 50 their intensity changes little over long periods
of time. In the more stable cases, there is a strong ten-
dency for anticyclogenesis over the western tropical
oceans and for cyclogenesis over the western parts of
the continents at higher latitudes. The appearance of
the climatological highs and lows in the maps for the
cases 6* = 0% and 6* = —5° are due to these develop-
ments. The climatological pressure centres are most
pronounced for 6* = 0°. Inthe case 6* = —59, the pic-
ture becomes somewhat blurred by the emergence of
smaller disturbances with higher wave numbers.

The deduction is confirmed by a study of Table 3,
which lists the mean integrated kinetic energies asso-
ciated with the different wave numbers n for different
values of ¢*. Disturbances characterized by n =2 or
n =3 are mainly responsible for the appearance of
pressure centres in the “climatological” maps. It can
be seen from the table that the energy associated with
these waves is as large in the casec* = 5° as in the two
other ones, but because of their small intensity variation
and rapid translation this does not appear in the mean
climatological picture.

TABLE 3. Mean kinetic energies per unit mass (m.® sec.”?)
associated with different wave numbers n for different values
of c*

n —5C. 00 + 50
0 9.1 20.3 47.4
1 13.4 15.2 15.9
2 22.2 54.2 81.6
3 151.3 105.1 93.9
4 51.1 1.5 1.0
Total 247.1 195.3 238.8
366

There is surprisingly little variation between the
values of the total kinetic energy in the three cases. The
energy of the zonal motion (n = 0) and the very long
waves {n =1, 2) increases with increasing stability;
that of the shorter waves (n = 3, 4) decreases. In fact,
wave number 4 probably would not appear at all in
the more stable cases without a forcing function. The
minimum of the total kinetic energy which characterizes
the case ¢* = 0% may be explicable by the contrary
variation of the longer and shorter waves with vertical
stability.

The rate of convective heat transport through the
free atmosphere, in our model, is proportional to
(6, —0,). The concept of convection includes in this
case not only phenomena on the cumulus scale, but also
the effect of all waves with numbers larger than four.
Table 4 lists values of the time mean of g, associated
with different values of ¢*.

TABLE 4. Time mean and standard deviation of o, associated
with different vertical cooling gradients

G*(°C.) —5 0 +5
Time mean of 6, 71 8.9 12.6
Standard deviation of o, 0.8 1.3 1.1

The comparatively large difference betweeno* == 0° and
6* = 50 as compared to that between ¢* = 0° and
6* = —5° is again evident. With g, = 10°, the sign of
(6 —oy) is positive for the two cases ¢* = —5° and
¢* =0. Convective mixing transports heat upward in
these two cases. It transports heat downwards in the
other case.

COMPARISON
OF THE NUMERICAL MODEL
WITH ACTUAL CLIMATIC REGIMES

In establishing any relationship the great simplification
involved in our model has to be considered. We neglected
the convergence of the meridians and the variation of
the Coriolis parameter f with latitude. We also used
only two parameters, m =1 and m = 2, to character-
ize the mean meridional distribution of wind and tem-
perature. In the actual atmosphere the mean meridional
motion probably involves three cells at least in winter
—a tropical and a polar direct meridional circulation,
and an indirect circulation in temperate latitudes. This
three-cell system cannot be simulated with two values
of m. The omission is permissible for the preseat case
of summer conditions with the polar boundary of our
strip at about 60° latitude. It would become important
if a larger part of the hemisphere were to be modelled
during winter.
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F1e. 2. Contour lines (Y —) for lower layer.
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Fic. 3. Contour lines (}) for mean flow.
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_5°

4 4. Lines of equal mean potential temperature §.
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The model agrees with the deductions from natural
observations in showing positive correlations between
vertical stability, zonal winds at high levels, and east-
ward displacement of the mean position of pressure
centres. It also suggests a qualitative explanation for
the changes in rainfall régimes and hurricane incidence.
The mean upward heat flux and convection (6, —a,) > 0
associated with the more unstable cases 6* = —5° and
¢* = 0 might be alone sufficient to account for a wetter
régime in low latitudes., The frequent anticyclogenesis
off the subtropical east coasts in the model and the
resulting surges from the east could explain the extension
of this higher rainfall régime to temperate latitudes along
the east coasts. The climatic mean maps associated with
the more unstable values of 6 are also obviously condu-
cive to a relatively frequent northward steering of
hurricanes along the east coasts. It is of interest to note
that a somewhat similar mean synoptic situation was
associated by Flohn (1952) with the establishment of
the North American ice age.

The shorter wave-lengths associated with lower
stability might also be favourable to more frequent
northerly winds over the oceans and therefore to a
higher evaporation rate.

A decrease in the vertical gradient of the cooling
rate—that is, a higher value of 6* in our model—would
be compatible with the climatic changes which occurred
about the turn of the century and which were described
at the béginning of this paper.

Our model fails to account for the warming at high
latitudes which appears to accompany the dry periods
at low latitudes, or for the colder régime which exists
there during wetter periods. In fact, as can be seen
from Fig. 4, the mean meridional temperature gradient
increases with increased stability in the model.

o

The discrepancy may be the result of specific simpli-
fications in the model; in particular, the lack of hori-
zontal variability of stability, the absence of a third
cell in high latitudes, and the omission of evaporation
and condensation. One might argue, for example, that
an increase in ozone mixing ratio would increase the
stability at low latitudes while decreasing it at high
latitudes because of surface heating (Plass, 1956). One
could also argue that reduced evaporation in low lati-
tudes would be conducive to a greater poleward
transport of heat by ocean currents.

Further investigations along the present lines can
now be readily defined. It would be of interest to
introduce a seasonal variation of 6* and to use at least
three meridional wave numbers instead of two. We also
might gain a better insight by a modification of the
present model which would permit introduction of a
horizontally variable stability  and Coriolis parameter f.
At a later stage, an attempt might be made to extend
the number of layers in the model and to include in
this way the circulation of the siratosphere and perhaps
of the oceans separately.
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APPENDIX

The right-hand sides of the partial differential equations (1) to
(4) contain guadratic functions of the dependent variables ¢,
T, X» 0 and c. When these variables are expressed as truncated
series of the orthogonal functions Foo, Fom, Fnm and F'pm,
and the series are substituted into equations (1) to (4), the
right-hand sides of the resulting equations will contain Jaco-
bians of the orthogonal functions. These Jacobians must be
expressed as new truncated series of orthogonal functions.
The expansions which will concern us are as follows:

o

a3J (Foks Fnm) = — Z L1030 R ¢ § )]
(=1 !
e
a2] (Foky F'im) = Z aykim¥a . . . . . . (12)
i=1
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T (Ft, F'nm) = — Z rtiim Fok— 3 10— m) Frq m, 2n
k=1

1
+§"(l+m)FI—m,2n (13)
1
@J (Fni, Frm) = — a2J (F'nt, F'pm) = sn{—m)Fitm, 2n

1 .
—gn{+mFi—men (14)

where-

24/2 |7
mm=—‘n£50k.inkysinzysinmydy. R 1)




=0if k414 m is even

=i§k< LI 1
n E

+l—m k—Il4m

1 1
+-—k+l+m—k+l+m>
i k+1+mis odd.

We now introduce the index s, and, for values of s from 1
to 6, define the orthogonal functions Gs(n) according to
Table 5. The corresponding eigenvalues Cs(n), which satisfy
the relation a?y 2G5 = —CsGs, also appear in Table 5.

TABLE 5. Values of Gs(n) and Cs(n)

s 1 2 3 4 5 6
Gs(n) Fo Fny Fipy Fop Fn, Fip,
Cs(n) 1 nt41 a1 4 nt4+4 n®+4

For simplicity we first consider the case where the series of
orthogonal functions are further truncated so that only one
non-zero value of n occurs, i.e., the total circulation consists
of a zonal circulation plus disturbances of a single wave-length.
'We may then write the truncated expansions for the dependent
variables as:

b=aif D 4G a6)
Iy Z G . e e e . an
v = ZwsGs .. (18)
6—=B (e:+ Z 85Gs) a9
o=Boy. . .+ e e @

The constants in (16) to (20) make the new variables dimen-
sionless. The thermal wind equation (5) tells us that 7s = 0.
To express the new differential equations in a concise from,
we introduce a second index r(s), related to s according to
Table 6. We also introduce coefficients as.

TABLE 6. Values of r(s) and as

s 1 2 3 4 5 6 7 8 9 10 1 12 13

) 2 3 1 2 6 1 5 6 4 5 3 4 2
as \}(111 111 111 212 122 122 122 212 212 212 212 212 212

Effect of vertical stability on monsoonal and zonal circulations

We shall adopt the convention that Gs = Gr(s)r Cs = Cris)s
etc. With this convention we may write the truncated form
of equations (11) to (13) as

—nasGs ,s=l,..., 6

,s=1,...,12 @

a*J (Gs, Gsyy) =

—nasGs_,
When the truncated series (16) to (20) are substituted into

the governing equations (1) to (4), the resulting equations
may now be written in the form

bs =nCs 1 (Cs 4+, — Cs) s (Ps s+ 5 + BsBs4 1)
+nCs (Cssr— Csvo)asss (PssaPsar +0s4g8547)

——-%k(n])s——es) O © )

és =nCs? ((Ts-n—as) as (@s 63+1 :l' 6sq‘ls+ 1)
4 nCt (Corqg—Coro)tsta(PsraOssrt Os4aPsss)

—Cs“ws-%-%k%—(%k-*—K)es @3)

bo= — (i + 3h) @ —0) + 3h e —a% @4)

Bs = nots (PsBs 41— 05 Ps 1) + notss s Porals o1 — 054 P 10)

+ Gews— (i +3h) @—8:) @)
&n='—zesms+ % "(eu—eo‘)"‘(j + % h) (g —a*)
—H (6, — ac) (26)

Here a dot denotes a derivative with respect to “dimensionless
time” ft. It is possible to eliminate «; from the alternative
expressions (23) and (25) for 0; and also from equation (26).

We now consider the more general case where several
non-zero values of n are permitted. In the present study these
values are n =1, 2, 3, 4. The truncated series for ¢ now

takes the form
b =2 D @G

with analogous expansions for v, A®X, and 8, where it is under-
stood that the summation over n rums from 1 to 4 if
s=2, 3, 5 or 6, but that only the value n = 0 occurs if
s=1or 4.

If interactions between different wave numbers are
suppressed, while the interaction of each wave number with
the zonal current is retained, the governing differential
equations will be unaltered, except that in certain terms
summations over n will appear. Specifically, in equations (22),
(23), and (25), when the index s on the left-hand side has the
value 1 or 4, the quadratic terms on the right-hand side are
summed over n, but otherwise there is no summation over n,
and each equation stands for four equations, one for each
value of n. Equation (24) is unaltered, while the quadratic
term in equation (26) is to be summed over n and s.
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RESUME

Etude numérique de Uinfluence de la stabilité verticale
sur les circulations de mousson et zonales (E. B. Kraus
et E. N. Lorenz)

Vers le début du siécle, la pluviosité a diminué rapide-
ment sur les lisitres équatoriales et orientales des régions
arides, ainsi que sur les cites orientales subtropicales,
et il semble qu’en méme temps la position moyenne
des centres subtropicaux de hautes pressions se soit
déplacée vers P’est. Des données fournies par I'obser-
vation indirecte montrent que les changements en
question étaient associés a une augmentation des vents
d’ouest de haute altitude aux latitudes moyennes infé-

rieures; et des considérations théoriques qualitatives
ont conduit a supposer qu’il existait un lien entre ces
phénoménes et des modifications de la stabilité verticale.

La validité de cette hypothése est vérifiée numéri-
quement. Un modele d’atmosphére & deux couches est
mis en mouvement par un champ thermique a trois
dimensions, caractérisé par un gradient thermique
méridional, des différences d’échauffement entre les
diverses parties d’un systdme figurant les océans et les
continents, et un gradient thermique vertical. On
constate que l'influence des variations du gradient
thermique vertical sur la circulation confirme les
déductions tirées de I'observation.

DISCUSSION

J. S. Sawyer. 1. Could Dr. Kraus indicate whether the
variations in his parameter ¢* correspond to realistic variations
possible in the atmosphere from variation in ozone? 2. Has
the variation of humidity been considered as a possible factor
leading to variations in the effective value of 6* which would
correspond.-to the atmospheric problem?

E. B. Kraus. 1. The variations in 6* cannot be considered
realistic in terms of ozone. The three values chosen were meant
to illustrate simply the circulation differences that can be
created by different vertical heating gradients.

2. The variations in humidity can be considered a powerful
amplifying factor. If instability is increased by any factor
more vapour is transported upward and that increases upper
cooling and instability further. The opposite holds when any
factor decreases instability.

BIBLIOGRAPHY /BIBLIOGRAPHIE

Bryan, K. 1959. A numerical integration of certain features
of the genersl circulation, Tellus, vol. 11, p. 163.

Fromn, H. 1952. Allgemeine Atmosphirische Zirkulstion und
Palidoklimatologie, Geol. Rundschau, vol. 40, p. 153.

Kraus, E. B. 1954. Secular changes in the rainfall regime of
S.E. Australia, Quart. J. R. Met. Soc., vol. 80, p. 591.

——. 1958. Recent climatic changes, Nature, vol. 181, p. 666.

——. 1960. Synoptic and dynamic ts of climatic ch

A

Quart. J. R. Met. Soc., vol. 86, p. 1.

Loxrenz, E. N. 1960 ¢. Maximum simplification of the dynamic
equations, Tellus, vol. 12, p. 243. .

——. 1960 b. Energy and numerical weather prediction,
Tellus, vol. 12, p. 364.

Prass, G. N. 1956. The influence of the 9.6 m. ozone band
on the atmospheric infra-red cooling rate, Quart. J. R. Met.
Soc., vol. 82, p. 30.






