
8.292J/12.330J

Final Exam

Spring, 2004
(You may use at most one page of notes. Please write your name clearly on the exam book and complete your exam in three hours. Each question is worth 20 points.)

1. Consider an ideal gas at rest on a surface under a constant gravitational acceleration g, with gas constant R. The temperature distribution of the gas is given by
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where 
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 and H are constants. (This temperature distribution roughly approximates that of the Earth’s troposphere and stratosphere.) Find an expression for the distribution of pressure with altitude. 

2.   The general flow of the atmosphere at middle latitudes is from west to east. Consider an air flow from the Pacific that crosses the coast of California, rises up over the Sierra Nevada, and then descends on the leeward side of the Sierra, reaching a minimum elevation in Death Valley, to the east. Idealize this flow as steady, inviscid, hydrostatic and adiabatic, and consider the atmosphere to be an ideal gas. 
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The elevation at point A is sea level, which may be taken for convenience to be at 0 meters. Point B, at the crest of the Sierra, is at an elevation of 3000 m, and point C, in Death Valley, is at an elevation of -200 m. The air velocity is 10 m/s at all three points. The air temperature at point A is 15o C. The heat capacity at constant pressure of air is 
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, and you may approximate the acceleration of gravity as 
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Find the air temperature at points B and C and briefly discuss the physical reasons for your answers. (Hint: Remember that the First Law of Thermodynamics may be written 
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 is the rate of heating. This can be combined with the hydrostatic equation to relate the time rate of change of temperature to that of altitude.)

3.  The heaviest snow and rainfall in North America occurs on the windward slopes of the Sierra Nevada, so the picture in problem 1 actually looks more like
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During its ascent, water vapor condenses into liquid and solid phases and falls out as precipitation. Ignoring the relatively small difference between the latent heats of vaporization and of sublimation, the amount of heat released per unit mass as water vapor condenses is
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where 
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 is the latent heat of vaporization, which for water is 
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, and 
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 is the concentration of water vapor. 

Derive a new conserved quantity for this flow. Now take the concentration of water vapor at points A, B and C to be, respectively, 0.01, 0.002, and 0.002, and re-calculate the temperature at points B and C. Explain why these differ from your answers to question 1. 

4.  A shallow layer of incompressible, inviscid fluid of depth 
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 flows through an initially straight channel of width L at a uniform velocity 
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.  The system is under a uniform gravitational acceleration g, and the atmospheric pressure at the surface of the fluid is constant.  Somewhere down along the length of the channel, the channel takes a symmetric bend to the right, emerging as a straight channel at right angles to its former course.  At the point of maximum curvature, the radius of curvature at the mid-point of the channel is R.  Assuming that the flow is steady and that the flow streamlines are always parallel to the channel walls, find the cross-channel profile of the flow at the place where the channel has maximum curvature.  (Note:  You may not be able to find a closed form expression for an integration constant; just write down the equation for it.  If time permits, find a closed form expression in the limit that L<<R and 
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.) If this is a model of a river and you were a riverboat captain concerned about running aground, would you take the inside or the outside of a bend in the river?  Why?

(Hint:  In circular coordinates, and neglecting azimuthal variations, the curl of a two-dimensional vector 
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 is 
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where 
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 is the azimuthal component of 
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5. Each of the diagrams below represents the distribution with y of a velocity 
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 in the x direction. The flow varies only with y and not with z or x. Describe whether and where Rossby waves may exist in these flows and sketch the flow-relative phase speeds as a function of y (if needed). Comment on the stability of these flows. 
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