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ABSTRACT

Numerical and theoretical models of tropical cyclones indicate that the maximum wind speed in mature storms
is sensitive to the ratio of the enthalpy and momentum surface exchange coefficients and that the spinup time
of tropical cyclones varies inversely with the magnitude of these coefficients. At the same time, the Carnot cycle
model developed by the author predicts that the central pressure of mature cyclones is independent of the
magnitude of the exchange coefficients. The author presents numerical simulations that prove this last prediction
false and suggest that the reason for this failure is the neglect of eye dynamics in the steady-state theory. On
this basis, the existing theory is modified to account for eye dynamics, and the predictions of the revised theory

are compared to the results of numerical simulations.

Both the revised theory and the numerical modeling results, when compared to observations, suggest that the
ratio of enthalpy to momentum exchange coefficients in real hurricanes lies in the range 0.75- 1.5, contradicting
published speculations about the behavior of this ratio at high surface wind speed.

1. Introduction

Tropical cyclones intensify and maintain themselves
against dissipation by extracting heat from the ocean at
high temperature and exporting it at the low tempera-
ture of the tropical lower stratosphere. One would thus
expect the characteristics of these storms to be some-
what sensitive to the details of the heat exchange pro-
cess at the sea surface. In spite of this, the author
(Emanuel 1986, 1988) suggested that a reasonable
lower bound on central pressure could be calculated
without knowing the values of the exchange coeffi-
cients. The bounds so calculated agree quite well with
the observed central pressures of the very most intense
storms on record.

At the same time, scale analysis of the governing
equations (Emanuel 1989, 1995) suggests that the
timescale over which tropical cyclones develop de-
pends inversely on the magnitude of the surface
exchange coefficients. Also, an analytic model of the
structure of mature cyclones (Emanuel 1986, hereafter
E86) predicts that the maximum azimuthal wind speed
varies as (C,/Cp)'’?, where C, is the exchange coef-
ficient of heat and water (assumed equal), and Cp, is
the surface drag coefficient. The model also predicts
that the ratio of an outer scale to the radius of maximum
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winds and other aspects of the structure of mature cy-
clones are sensitive to C,/Cp.

Ooyama (1969) performed two experiments with his
two-layer axisymmetric model, allowing C, and C, to
differ. In one experiment, C, was allowed to increase
with wind speed while C,, was held fixed, and in the
other, the wind speed dependence of C,, was retained
while C; was held fixed. The maximum wind speed in
the first case exceeded 95 m s ' but was only 45 m s ™!
in the second case. When the exchange coefficients
were equal the maximum wind speed was 60 m s™'.
This suggests a strong sensitivity of maximum wind
speed to G/ Cp.

Rosenthal (1971) undertook a series of numerical
experiments to test the sensitivity of the development
and intensity of tropical cyclones to individual values
of the heat, moisture and, momentum exchange coef-
ficients. He used a seven-layer axisymmetric, hydro-
static primitive equation model with a Kuo-like repre-
sentation of moist convection. In experiments in which
the drag coefficient was systematically increased and
decreased while holding fixed the heat and moisture
exchange coefficients, the rate of intensification varied
directly with Cj,, as expected from scale analysis of the
equations, while the final intensity varied inversely
with Cp. Likewise, increasing the heat and moisture
transfer coefficients increased the maximum wind
speed of the mature storm, while decreasing them had
the opposite effect.

Research on the sensitivity of tropical cyclones to
surface exchange coefficients is severely hampered by
lack of surface flux data at very high wind speeds.
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There have been several suggestions (e.g., Liu et al.
1979) that as wind speeds exceed about 12 m s ™', the
drag coefficient increases relative to the heat and water
exchange coefficients, owing to the effects of form drag
by ocean surface waves. Measurements at wind speeds
near 15 ms™' (e.g., Geernaert et al. 1987) seem to
suggest that the drag coefficient is nearly twice that of
the heat and moisture exchange coefficients at these
wind speeds, although there is a great deal of scatter in
the data.

On the other hand, there is no indication that the heat
and water exchange coefficients differ appreciably
from each other in the range of wind speeds within
which they have been estimated (Katsaros, personal
communication, 1994). This is an important point be-
cause the energetically important transfer at the sea sur-
face is of enthalpy k defined

k=1[cu(l —q)+cglT + Lg, (1)

where k is the enthalpy per unit mass of air, ¢,, and ¢,
are the heat capacities of dry air at constant pressure
and of liquid water, respectively, T is the absolute tem-
perature, g is the specific humidity, and L, is the latent
heat of vaporization. According to the aerodynamic
flux formulas, the flux of enthalpy from the surface is
given by

Fk = pa,VuI{CT[de(l - qa) + Clqa](Tx - Ta)
+ C(L, + cl)(gF — q.)}, (2)

where p, is the density of dry air at the sea surface,
|V, | is the wind speed at some predefined level, T, and
T, are the temperature of the sea surface and the air
temperature, g and g, are the saturation specific hu-
midity at sea surface temperature and pressure and the
actual specific humidity of the air, and C; and C, are
the transfer coefficients for heat and water. These co-
efficients are functions of surface roughness and sta-
bility.

If, as observations suggest, Cr can be set equal to
C,, (2) can be rewritten

Fy = pa| V| Cu(k¥ — k), (3)

where k¥ is the saturation enthalpy at the sea surface,
k, is the enthalpy of the air, and C; is defined as the
enthalpy transfer coefficient. This shows, among other
things, that evaporation of spray cannot directly affect
the enthalpy transfer from the ocean if Cr = C, since
this process affects neither k¥ nor k. For the purposes
of the present work, we shall assume that C; = C, and
refer instead to the enthalpy transfer coefficient C, that
appears in (3). :

We begin by reviewing the steady-state theory of
E86, which predicts that the maximum wind speed, but
not the central pressure, of mature hurricanes depends
on the ratio C,/C),. In section 3 the predictions of this
theory are compared to the results of numerical simu-
lations with two different models, and it is shown that
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while the predictions of maximum wind speed are quite
good, those of central pressure are poor. This leads us,
in section 4, to revise the theory to account for the
special dynamics of the eye; the revised theory is then
shown to yield much better predictions of central pres-
sure. These results are summarized in the concluding
section.

2. Review of steady-state theory

The possible effect of differing heat and momentum
exchange coefficients on tropical cyclones was ad-
dressed by the author (E86), and we begin by giving
a somewhat simplified account of that analysis. We as-
sumed that tropical cyclones could be divided into three
regions (Fig. 5 of E86) categorized by the subcloud-
layer entropy budget and eye dynamics. The first re-
gion, the eye, was assumed to be mechanically driven
by flow in the eyewall. The second region, the eyewall,
was characterized as a region in which the subcloud-
layer entropy budget is dominated by surface heat
fluxes and radial advection, with little turbulent flux
through the subcloud-layer top. In contrast, in region 3
it was assumed that turbulent fluxes through the top of
the subcloud layer nearly balance surface fluxes, as
proved to be the case in the later modeling study of
Rotunno and Emanuel (1987, hereafter RE87). For
simplicity, E86 assumed that the net effect of this bal-
ance in region 3 was to maintain the subcloud-layer
relative humidity at a value that remains constant with
radius.

These assumptions about subcloud-layer thermody-
namics, coupled with the assumption that the flow
above the subcloud layer is neutral to slantwise con-
vection and that the absolute vorticity at the storm top
vanishes, allowed E86 to derive an expression for the
maximum wind speed in mature tropical cyclones and
a relationship between the radius of maximum winds
and an outer radius at which the storm-associated wind
vanishes. In deriving these expressions, E86 ignored
the special dynamics associated with the eye itself and
assumed moist neutrality there.

For clarity, we briefly review the derivation- of
these relations but use a nondimensional form of the
E86 equations. The scaling factors appear in Table 1
of a companion paper (Emanuel 1995, hereafter
E95). The equations are phrased in the potential ra-
dius coordinate R, defined such that (in nondimen-
sional terms)

IR =w+1r, (4)
2 2
where r is physical radius and V is the azimuthal wind.
Thus R? is proportional to the absolute angular mo-
mentum per unit mass.

The nondimensional equations that are assumed to
hold everywhere in steady conditions are as follows.
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Thermal wind:
(5)

Gradient wind relation (coupled with thermal wind):

1/R* 1
P+x+§<72—+r2)=zr%. (6)
Saturation entropy of sea surface:
x$=1-AP, N
with
T.v - Ta 5
A= X (8)

+ .
T, RI(1 — )

The relationship (7) has been linearized assuming
small fractional departures of surface pressure from its
ambient value. The nondimensional variables that ap-
pear in (5)—(8) are r, the radius of R surfaces in the
subcloud layer; x, the subcloud-layer entropy variable;
and P, the departure of surface pressure from its am-
bient value. The parameters that appear in (5)~(8) are
r,, the outer radius at which the surface wind vanishes;
T,, the surface temperature; T, the outflow tempera-
ture; x,, the ambient entropy deficit of the subcloud
layer with respect to the ocean; R,, the gas constant of
dry air; and %, the ambient relative humidity. (See the
companion paper, E95, for a complete description of
these variables and parameters.)

In both (5) and (6), it has been assumed that the
storm is mature so that the radius of angular momentum
surfaces at the tropopause is very large.

a. Inner region

In the inner region, it is assumed that radial entropy
advection balances the surface fluxes. For the present,
it will be assumed that this region covers both the eye-
wall and the eye itself, though the assumed balance is
strictly valid only in the eyewall.

The dimensionless, steady entropy equation in the
inner region, modified to account for C, #= Cp, is [see
E9S, (A6)]

X __Ceiyye -
Vo= "¢, (LHelVDIVIGE =0, 9

where s, is the streamfunction at the top of the subcloud
layer and c is a coefficient that determines the wind speed
dependence of the surface exchange coefficients. This
states that in the inner region’s subcloud layer, radial en-
tropy advection balances surface entropy flux.

Analogously, the balance of angular momentum in
the subcloud layer is (see E86)

OR?
— =2(1 + c|V)|V|V.

Yo or

(10)
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This states that radial advection balances frictional loss
of angular momentum. Eliminating i, between (9) and
(10) and using (4) gives

__1_ 2_26_X.__§.". *
2R(R r)aR— CD(xs x). (11)

In the inner region, we assume that r> < R?, which is
equivalent to neglecting the Coriolis acceleration there.
Using this approximation together with the thermal
wind relation (5) in (11) gives

1 R* C,
— = a2 (= x). 12
4r2NCD(XS X) (12)
Finally, using (4) with r*> < R? in (12) results in
C,
Vzwc—k(x;*—x). (13)
D

Thus, in the inner region, the square of the azimuthal
velocity is proportional to the local degree of thermo-
dynamic disequilibrium between the subcloud layer
and the sea surface.

Next, x ¥ is eliminated from (13) using the saturation
law (7), and from the resulting equation, pressure, P,
is eliminated using cyclostrophic balance (6, with the
approximation r* < R*). This yields

1 G
2 —— ———
vi(1-342)

Ci ) S
~ C, [1 4Ar0 x(1 A)] . (14)
Finally, to match this solution with that (yet to be de-
rived) of the outer region, x is assumed to decrease
with radius such that the relative humidity becomes as
low as its undisturbed value, ¥, at the radius of max-
imum winds. To a good approximation, ¥, by its def-
inition, is related to x and y * by

x = H(xF ~1). (15)

Using this together with (7) and (6) in (14) yields an
expression for the maximum azimuthal velocity:

1
1——yr3
C 4
2 k
it 3 S S— 1
Vo C l_l_gi , (16)
26,7
where
1-%
=A . 17
Y | — %A (17)

This is identical to (43) of E86, except that it is in
nondimensional form.

Using (5) and (4) with the approximation r> < R?
gives
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o, _ 2V
R R
By eliminating 9x /3R between this and (14), one ob-

tains a simple differential equation for the radial dis-
tribution of V, whose solution is

v=v,(=~)
—mRm ’

where R, is the potential radius of maximum wind and

Ck I_A
vE—
CDI_lAE’i

2 Cp

(18)

(19)

Thus, the radial distribution of wind and pressure (and
entropy) in the inner region depends on the ratio C,/
Cp, as does the magnitude of the maximum wind
speed. But it must be noted that v, as it appears in (18),
cannot be greater than or equal to 2, otherwise the co-
ordinate transformation (4) fails. [This implies, from
(19), that C,/C, cannot exceed 2.] In the numerical
models, internal dissipation prevents discontinuities
from forming. Thus, we should expect some disagree-
ment between this theory and the numerical models for
C,/ Cp approaching or exceeding 2.

The minimum central pressure in this solution can
be obtained directly from (6) and (7) at R = r = 0 by
assuming that x = x ¥ there. This gives

1—1r2

1-A "

This is the dimensionless equivalent of (27) of E86.
Note that P, does not depend on C, or Cj, in this for-
mula.

For now, these solutions are assumed to be valid not
only in the eyewall, where the propositions of slantwise
neutrality and- the near balance of surface enthalpy
fluxes and radial advection are likely to be valid, but
also in the eye itself, where they may not be. As will
soon become apparent, we shall be forced to revise
these relations where they pertain to the eye itself.

P.= -

(20)

b. Outer region

In the outer region, we find an exact solution of (5)—
(7) and (15) under the proposition that the relative
humidity, ¥, is constant, and satisfying r = R (V = 0)
at R = r,, where r, is defined as the outer radius. This
solution can be expressed as an algebraic relation be-
tween r and R:

. r 2HA
R*(2 — HA) = 2r3<——> — JArt.  (21)

Yo

The solution of (21) for R can be used in (4) to give
V as a function of r.
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At the radius of maximum winds, this solution is
matched to the solution in the inner region. The entropy
is automatically matched since we have assumed a rel-
ative humidity of ¥ at the radius of maximum winds
in both solutions. We also demand that the dependent
variable r (or equivalently, V') be matched across R,,,
the potential radius of maximum winds. At the radius
of maximum winds in a reasonably strong storm, the
last term in (21) is negligible compared to the other
terms. Using this and the relation from (4)

V2~ l E

4 r?

to eliminate R* in (21) yields a specific relationship
between the physical radius of maximum winds, r,,,
and r, 0

P2 = 4r,2,,’2”‘AV3n<1‘ — % 5€A> , (22)

with V 2 given by (16). This is nearly the dimension-
less equivalent of (46) of E86. Note that the de-
pendence on C,/Cp enters through the expression
for V2.

3. Model results

To test the predictions of the sensitivity of tropical
cyclones to the ratio C,/Cp,, we ran both the simple,
balance model of E95 and the nonhydrostatic, convec-
tion resolving model of RE87 for different values of
the ratio. In each case, the model was run for long
enough that quasi-steady mature model storms were
achieved. Average values of the maximum wind speed,
radius of maximum winds, and central pressure during
the mature stage of the model cyclones were estimated.

The very gradual radial decay of velocity made it
nearly impossible to estimate ry in the solutions, so that
(22) could not be tested in a reasonable way. Instead,
(22) was used to predict r, given the value of r,, ob-
served in the model and an initial estimate of V,,. This
predicted value of r, was then used in the maximum
wind equation (16); the solution for V,, was then used
once again in (22), a revised estimate of r, was pro-
duced, and so on. Since the terms involving r, in (16)
proved to be quite small, this procedure always con-
verged rapidly and made little difference to the results.
The final estimate of r, was then used in the central
pressure equation (20).

Note that the theoretical solution does not yield a
specific scale (r, or r,,) for hurricanes; only a relation-
ship (22) has been obtained between the two scales ry
and r,,. Thus, one scale (in this case, r,,) must be spec-
ified from the model results to complete the theoretical
calculation. The indeterminacy of radial scales in the
theory may correspond to the observation that real trop-
ical cyclones occur with a wide variety of horizontal
scales.
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The comparison between the theoretical predictions
and the two independent model results are shown in
Figs. 1 and 2 and in Tables 1 and 2 for six values of
C,/Cp. Since the model of RE87 is formulated in di-
mensional terms, the results of the theory and the sim-
ple model are here presented in dimensional form, us-
ing values of the scaling factors (Table 1 of E95)
estimated from the environmental conditions of the ex-
periments with the nonhydrostatic model. Note slight
differences between the theoretical values listed in Ta-
bles 1 and 2; this is because r,, (and therefore r) differs
between the models. (This small difference has been
neglected in the graphs in Figs. 1 and 2.)

Figure 1 shows that the model predictions of the
maximum azimuthal velocity, V,,, agree quite well with
each other and with theory and that V,, varies roughly
as (C,/Cp)"/?. This is also in accord with the results
obtained by Ooyama (1969) and Rosenthal (1971).
The central pressures, on the other hand, agree less well
between the two models and depart dramatically from
the theoretical prediction except when C,/Cp ~ 1.2—
1.5 (Fig. 2). Both models show a strong sensitivity of
central pressure to C,/Cp, in contrast with the theo-
retical prediction of no dependence of P, on C;/Cp.
Clearly something is wrong with the theory as it per-
tains to the eye of the storm.

4. Revised theory of the eye region

The weakest aspect of the theory presented in E86
and repeated in section 2 of this paper is the assumption
that the radial inflow continues to the center of the
storm and that the eye itself is neutral to slantwise con-

100

(m/s)

05 1.0 1.5 20

FiG. 1. Maximum azimuthal wind according to (16) (solid curve)
and results of running the E95 (dots) and RE87 (+’s) models, as a
function of the ratio of enthalpy to momentum surface exchange co-
efficients.
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FiG. 2. Same as Fig. 1 but for central surface
pressure according to Eq. (20).

vection. In real storms, a strong temperature inversion
is often present at low levels in the eye, and there is
usually (though not always) a complete lack of deep
convection. The theoretical model needs to be revised
to account for the distinct dynamics of the eye.

One clue to a means of restructuring the theory is
that the theoretical prediction of central pressure
matches the modeling results when C,/Cp, is in the
range 1.2-1.5. Now note, from (18) and (19), that the
azimuthal velocity will depend on the first power of
physical radius when

LG__ 1 (23)
Co 114
2

which for the parameters used in the models has a value
of 1.37. Thus, it happens that the prediction of central
pressure is quite good for that particular value of C,/
Cp, given by (23), that gives a linear dependence of
velocity on radius within the eye and eyewall.

Why should other values of C,/Cp,, which yield non-
linear dependence of V on radius in the eye, give poor
predictions of central pressure? We hypothesize that in
real storms and in the numerically modeled storms, a
viscous, cyclostrophic adjustment occurs that preserves
the value of the maximum azimuthal wind and relaxes
the velocity profile toward a linear dependence on ra-
dius. Such a profile has zero divergence of the radial
turbulent flux of angular momentum, according to vir-
tually all formulations of three-dimensional turbulence
including those used in both models. Thus, in our re-
vised formulation of the eye, the azimuthal velocity is
assumed to vary linearly with radius, up to a maximum
value given by (16 ) and to be in cyclostrophic balance.



3974 JOURNAL OF THE ATMOSPHERIC SCIENCES VoL. 52, No. 22
TaBLE 1. Comparison between theory and the E95 model.

p. (mb) V, (ms™") ro (km)

C,/Cp r,, (km)* Theory Model Theory Model Theory
0.5 35 926 989 44 4?2 374
0.75 20 926 971 54 50 366
1.0 21 926 957 63 59 398
1.25 18 ‘926 945 72 68 413
1.5 17 927 928 80 78 433
2.0 15 927 880 95 95 486

* Observed in model and used in theory.

The preservation of V,, during the hypothesized ad-
justment is merely a guess given the generally good fit
between the original theoretical predictions of V,, and
the values given by both models.

Accordingly, we accept the predictions of both V,,
and P,,, the azimuthal velocity and surface pressure at
the radius of maximum winds, given by the theory of
E86 and recapped in section 2 of this paper. The value
of P, is given by (6) and (7) together with the relation
(15), the neglect of r} compared to R}, and the ap-
proximation V,, ~ 1R%/r,,:

1
r%—EV,Z,.

Py~

B

(24)

with V 2, given by (16).

Now, based on the proposed viscous adjustment, we
assume that the azimuthal velocity in the eye (R < R,,)
is given by

LS

V=V,—.
R,

(25)

[Note that through (4), this also implies that V
varies linearly with r.] Using the cyclostrophic re-
lation

d 1, v?
dR<P+2V>—2R

in (25) and integrating with radius to R,, gives
P ~P,~3V2. (26)

Finally, combining (26) with (24) gives a revised pre-
diction of central pressure: '

v5,<1 —%Q%A) - 3ri

1 - HA ’

P~ - (27)

with V 2 given by (16). Because of its dependence on
V 2, P. is now dependent on C,/C,, unlike the original
formula, (20).

Table 3 and Fig. 3 compare revised predictions of
the central pressure from (27) with results of the two
models. Clearly, the agreement is quite good and much
improved over the previous model.

The sensitive dependence of both the maximum wind
speed and minimum pressure on C,/ Cp, can be understood
through the subcloud-layer entropy budget. When this ra-
tio is small, the Ekman inflow is relatively large compared
to the rate of transfer of enthalpy from the ocean, and the
total enthalpy gain is thus relatively small. The reduced
heat input to the system results in smaller intensity. Con-
versely, when C,/C), is large, the enthalpy gain is larger,
as is the storm intensity. Note that in the revised model,
most of the enthalpy gain in the subcloud layer occurs in
the relatively narrow ring of the eyewall, with little con-

TABLE 2. Comparison between theory and the RE87 model.

p. (mb) V, (ms™") ro (km)

CJCp 7, (km)* Theory Model Theory Model Theory
05 12 925 972 44 49 265
0.75 25 926 957 54 54 397
1.0 30 927 942 63 66 468
1.25 30 928 930 72 72 506
1.5 30 928 918 80 80 541

2.0 30 929 905 94 85 603

2 Observed in model and used in theory.
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tribution from the outer region and none from the eye
itself. This is consistent with observed 6, distributions in
tropical cyclones (e.g., see Hawkins and Imbembo
1976).

5. Discussion and summary

Results of integrating two very different numerical
models show that both the maximum azimuthal veloc-
ity and the central pressure deficit of tropical cyclones
depend on the ratio of the enthalpy to momentum
exchange coefficients, C,/Cp. This dependence of the
central pressure on C,/Cp is inconsistent with the
steady-state model of E86, but these and previous mod-
eling results are consistent with a revised analytic
model of mature hurricanes that divides them into three
regions: an outer region in which the interior flow is
nearly neutral to slantwise moist convective and in
which turbulent entropy fluxes through the top of the
subcloud layer keep the subcloud layer relative humid-
ity nearly constant with radius; a narrow eyewall that
is also neutral to slantwise convection but which has a
subcloud-layer entropy distribution determined by a
balance between surface fluxes and radial advection;
and an eye in solid body rotation and cyclostrophic
balance.

Using the unrevised theory, E86 and Emanuel
(1988) showed that theoretical predictions of the lower
bound on central pressure of tropical cyclones, made
using climatological conditions, agree quite well with
the central pressures of the very most intense tropical
cyclones on record. The direct implication of this result
in the context of the present study is that the ratio C,/
Cp, is most likely to lie in the range 1.2—1.5 in the high
wind region of these intense storms. In no event are the
results from either model consistent with values of C,/
Cp less than about three-fourths; otherwise, the wind
speeds would be much weaker than observed. This re-
sult contradicts current thinking about the behavior of
the heat and momentum exchange coefficients at high
wind speeds (e.g., Liu et al. 1979), though few if any
measurements have been made at wind speeds much in
excess of 20 m s~'. It might be speculated that the
observed downward trend of C,/Cp with increasing

TABLE 3. Comparison of revised theory of central pressure (p.)
with results of both models.

p. (mb) (E95) p. (mb) (RE87)

C./Cp Theory Model Theory Model
0.5 984 989 983 972
0.75 968 971 968 957
1.0 952 957 953 942
1.25 935 945 936 930
1.5 918 928 919 918
2.0 881 880 883 905
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FiG. 3. Same as Fig. 2 but showing the prediction
of the revised model, (27).

surface winds reverses at higher wind speeds, though
it is not obvious why this should happen. In any event,
a reconciliation of the present results with ideas per-
taining to C,/C, based on existing measurements
would no doubt result in improved understanding of
both tropical cyclones and air—sea interaction.

Given the strong dependence of hurricane structure
and intensity on C;/Cp indicated here and the very in-
complete understanding of the physics of heat and mo-
mentum exchange between the ocean and atmosphere
at very high wind speeds, it is not inconceivable that
real tropical cyclones are affected by naturally occur-
ring or man-made surfactants, which are known to af-
fect transfer rates at lower wind speeds. This offers the
small hope that tropical cyclone intensity may be arti-
ficially reduced through the application of an appro-
priate surfactant to the sea surface along the path of the
high wind region of the storm, as first suggested by
Simpson and Simpson (1966).
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