
8.292J/12.330J

Problem Set 6

(due 6 May)

1. The purpose of this exercise is to explore the large-scale circulation of atmospheres on rotating planets. We can often get a crude estimate of this circulation by assuming three important things about the circulation:

i. Each column of the atmosphere is in radiative-convective equilibrium. This means that the amount of infrared radiation leaving the top of each column is equal to the amount of sunlight entering it, minus the fraction of sunlight that is reflected back to space. All of the vertical heat transfer is carried by radiation and convection; lateral heat transfer is ignored. 

ii. Since the atmosphere is in thermal equilibrium, there can be no thermodynamic cycles leading to the generation of mechanical (wind) energy; therefore there can be no dissipation. This means that the surface wind must vanish. 

iii. Since the amount of sunlight entering the top of the atmosphere, per unit area, decreases with increasing latitude, the thermal equilibrium demands colder temperature at higher latitude. For dynamic equilibrium, the implied latitudinal density gradient must be in thermal wind balance. 

For simplicity, we will take the distribution of incoming solar radiation to be its annual mean value, and we will neglect any variations of either the surface or the atmosphere with longitude. We are looking for the distribution with latitude and height of west-to east wind, 
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. It is in some ways easier to work instead with the absolute angular momentum per unit mass, about the earth's rotation axis. This quantity is related to latitude and 
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 by
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where 
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 is the mean radius of the earth, 
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 is the latitude and 
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 is the angular velocity of the earth's rotation. Note that this quantity is conserved following axisymmetric, inviscid displacements of fluid rings. 

In terms of 
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, the balance of forces in the latitudinal direction  is
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where 
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 is the geopotential of a surface of constant pressure, and the derivative in (2)

 is assumed to be taken at constant pressure. This is just the analog to geostrophic balance in spherical coordinates, also taking into account extra centrifugal forces owing to the earth's curvature. 

The hydrostatic relation is
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where 
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 is the specific volume. 

a) Regarding 
[image: image12.wmf]M

as a function of both latitude and pressure, cross-differentiate 
(3)

 to eliminate (2)

 and  GOTOBUTTON ZEqnNum781327  \* MERGEFORMAT , thereby forming a thermal wind equation. 

b) Taking the specific volume to be a function of entropy and pressure, use Maxwell's relation to express the thermal wind equation in term of the latitudinal gradient of entropy. 

c) Integrate this form of the thermal wind equation in pressure, using as a boundary condition that 
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 vanishes at the earth's surface, at an absolute temperature 
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T

. This should give you 
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 as a function of latitude, absolute temperature (which serves as an altitude surrogate in this instance), and the latitudinal gradient of entropy. 

d) Suppose the radiative-convective equilibrium entropy distribution is given by
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where 
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 is the entropy at the equator and 
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 is the entropy difference between the poles and the equator. (Note that s is independent of altitude; this reflects the fact that convection tends to keep the vertical gradient of entropy at its critical value, zero.) Write an expression for 
[image: image20.wmf]M

 in terms of 
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, temperature, and latitude. 

e) Approximating both the surface temperature and the temperature at the tropopause as constant in the expression derived in d) above, determine the range of latitudes in which the latitudinal gradient of angular momentum is positive, and the range where it is negative. 

Extra Credit:

Plot the solution for the west-east wind as a function of latitude and absolute temperature in the range of absolute temperatures between the surface temperature, 
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, and the tropopause temperature, 
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 for the solution of d) above, given
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